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Collisionless damping of nonlinear dust ion acoustic wave due to dust charge fluctuation
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A dissipation mechanism for the damping of the nonlinear dust ion acoustic wave in a collisionless dusty
plasma consisting of nonthermal electrons, ions, and variable charge dust grains has been investigated. It is
shown that the collisionless damping due to dust charge fluctuation causes the nonlinear dust ion acoustic wave
propagation to be described by the damped Korteweg-de Vries equation. Due to the presence of nonthermal
electrons, the dust ion acoustic wave admits both positive and negative potential and it suffers less damping
than the dust acoustic wave, which admits only negative potential.
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Both theoretical@1–9# and experimental@10–12# studies
of nonlinear features of ‘‘dust acoustic’’@13# and ‘‘dust ion
acoustic’’@14# waves have been done recently either assu
ing fixed charge on the dust grain or by approximating
charging equation byI e1I i'0, which implies that the dus
chargeQd instantaneously reaches equilibrium value at e
space-time point determined by the local electrostatic po
tial f(x,t).

The nonadiabaticity effect of dust charge fluctuation ca
ing generation of dust acoustic and dust ion acoustic sh
wave with their propagation described by the Korteweg
Vries ~KdV! Burger equation has recently been studied
Guptaet al. @15# and Ghoshet al. @16# under the assumption
vpdtch is small but finite, wherevpd is the dust plasma fre
quency andtch is the dust charging frequency. This is a
interesting mechanism for the generation of shock waves
dusty plasma.

In this brief report, the nonlinear propagation of finite b
small amplitude dust ion acoustic waves in a collisionle
dusty plasma in which electrons are nonthermal has b
investigated under the opposite assumption viz. 1/vpitch is
small but finite, wherevpi is the ion plasma frequency. Suc
a situation may occur in the ionosphere~;80 KM!. It is
shown that the propagation is governed by the damped K
equation. The presence of nonthermal electrons may c
generation of solitary dust ion acoustic wave with negat
electrostatic potential. The damping arises due to the d
charge fluctuation under the assumption stated above.

To ensure ease of following the text, the symbols for d
ferent physical parameters and the normalizations of
physical variables are listed below.

The normalized spaceX, time T, velocity Vj ( j 5 i ,d),
number density fluctuationNj ( j 5 i ,d), the dust charge fluc
tuationDQ, electrostatic potentialF, and total energyE of
electrons are given byX5x/l i ; T5vpit; Vj5v j /ci ; nj
5nj 0Nj , the dust chargeQd5zde(211DQ); F5ef/Te ,
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22ef)/Te, wherel i5Ae0Te /ni0e2 is the ion De-
bye length,vpi5Ani0e2/e0mi the ion plasma frequency, an
ci5ATe /mi is the ion acoustic speed.

The electron distribution function with a population o
fast particles is assumed to be given by Cairnset al. @17#
f (E)5ne0(11aE2)e2E/(113a), so that the electron num
ber density is ne5ne0@12b(F2F2)#exp(F). Here, b
54a/(113a), E is the normalized electron energy as stat
above, anda is the parameter determining the number of fa
electrons.

The other parameters are the following:r 0 is the grain
radius,2zde is the equilibrium surface charge on the du
grain, s is the electron ion temperature ratio, i.e.,Ti /Te , d
5ne0 /ni0 , z5zde2/4pe0r 0Te , md5zdmi /md , and nch

5r 0 /A2pvpi
2 /Vthi(11z1s) is the dust charging frequency

where Vthi is the ion thermal velocity andtch5nch
21 is the

charging time.
The dynamics of dust ion acoustic waves are governed

the following normalized continuity and momentum equ
tions for the dust fluid and ion fluid together with Poisson
equations@16#:

]Nd

]T
1

]~NdVd!

]X
50, ~1!

]Vd

]T
1Vd

]Vd

]X
52md~DQ21!

]F

]X
, ~2!

]Ni

]T
1

]~NiVi !

]X
50, ~3!

]Vi

]T
1Vi

]Vi

]X
52

]F

]X
2

s

Ni

]Ni

]X
, ~4!

]2F

]X2 5
1

ni0
@ne2ni0Ni2zdnd0Nd~DQ21!#. ~5!

In deriving Eq. ~5!, the equilibrium state charge neutralit
condition ni05ne01zdnd0 has been used wherenj 0 ( j
5e,i ,d) are the equilibrium number densities and (2zde) is
the equilibrium charge of the dust surface.

The normalized charge variableDQ is determined by the
following orbital motion limited dust charging equation@18#:
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]DQ

]T
1Vd

]DQ

]X
5

1

vpitch

~ I e1I i !

nchzde
, ~6!

whereI e andI i are the electron and ion current, respective
The normalized expressions for the electron and ion curr
for spherical dust grains with radiusr 0 are as follows:

I e52pr 0
2eA 8Te

pme
ne0@12b~F2F2!#exp~F!

3exp@z~DQ21!#, ~7!

I i5pr 0
2eA 8Ti

pmi
ni0NiF S 11

z

s D2
z

s
DQG . ~8!

In order to study the nonlinear propagation of sma
amplitude dust ion acoustic wave by the reductive pertur
tion technique@19#, the independent variables are stretch
as

j5e1/2~X2lT!; t5e3/2T, ~9!

wherel is the normalized phase velocity of linear dust i
acoustic wave normalized by the ion acoustic speed ande is
a small parameter characterizing the strength of the non
earity.

The dependent variablesNd , Ni , Vd , Vi , F, andDQ are
expressed as

f 5 f ~0!1e f ~1!1e2f ~2!1¯ ~10!

where f (0)51 for f 5Nd ,Ni , while for other variablesf (0)

50.
We now turn to the dust charging Eq.~6!. On the

right-hand side of Eq. ~6!, the factor 1/vpitch

5r 0 /A2pvpi /Vthi (11z1s)'r 0 /l i(11z1s). For dusty
plasma parameterz52.0 to z52.5 and s'1, 1/vpitch
'r 0 /l i'1026 @20# in the ionosphere~;80 KM!. This sug-
gests that to make the nonlinear perturbation of Eqs.~6!–~8!
consistent with that of Eqs.~1!–~5!, the following scaling is
permissible:

1

vpitch
5ne3/2. ~11!

We introduce the coefficientn only to locate in the final
expression the effect arising from dust charge variation c
tributed by the left-hand side of Eq.~14!. Subsequently, we
shall putn51.

Introducing Eqs.~9! and~10! into Eqs.~1!–~5! and equat-
ing the terms in lowest powers ofe, i.e.,O (e3/2), and elimi-
natingVd

(1)52md /lF (1) andVi
(1)5l/(l22s)F (1), we get

~Nd
~1! ,Ni

~1!!5S 2
md

l2 ,
1

l22s DF~1!. ~12!

Substitution ofne5ne0@12b(F2F2)#exp(F) in Poisson’s
Eq. ~5! yield to orderO(e2)

Ni
~1!5~12d!~Nd

~1!2DQ~1!!1d~12b!F~1!. ~13!
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Using the stretching~9!, perturbation expansion~10! for all
the variables and the scaling~11!, we arrive at

F ~2le1/21e3/2Vd
~1!!

]

]j
1e3/2

]

]tG~eDQ~1!1e2DQ~2!!

5ne3/2
~ I e1I i !

nchzde
. ~14!

Introducing the expansions forF, DQ, andNd in Eqs. ~7!
and ~8! and equating termsO(e3/2), we get

]DQ~1!

]j
50⇒DQ~1!5DQ~1!~t !50, ~15!

by virtue of the boundary conditions that all perturbatio
vanish atX52`(j52`) for all time scales slow or fast. In
obtaining Eq.~15!, we have also used the fact that (I e1I i)
50 in the equilibrium state, which implies that the charge
each dust grain is fixed (Qd52zde).

The normalized phase velocityl is obtained by eliminat-
ing Ni

(1) , Nd
(1) , F (1), andDQ(1) from the homogeneous sys

tem of Eqs.~12!, ~13!, and~15!.

l25l6
2 5

l06Al0
224smdd~12b!~12d!

2d~12b!
, ~16!

wherel0511ds(12b)1md(12d). Here,l1 andl2 are
the phase velocities of the faster wave~usual dust ion acous
tic in the limit md→0! and the slower~usual dust acoustic!
wave. Equating termsO (e3/2), we get from Eqs.~1!–~5!,

]Nd
~1!

]t
1

]~Nd
~1!Vd

~1!!

]j
5l

]Nd
~2!

]j
2

]Vd
~2!

]j
, ~17!

]Vd
~1!

]t
1Vd

~1!
]Vd

~1!

]j
1mdDQ~1!

]F~1!

]j
5l

]Vd
~2!

]j
1md

]F~2!

]j
,

~18!

]Ni
~1!

]t
1

]~Ni
~1!Vi

~1!!

]j
5l

]Ni
~2!

]j
2

]Vi
~2!

]j
, ~19!

]Vi
~1!

]t
2lNi

~1!
]Vi

~1!

]j
1Vi

~1!
]Vi

~1!

]j
1Ni

~1!
]F~1!

]j

5l
]Vi

~2!

]j
2

]F~2!

]j
2s

]Ni
~2!

]j
, ~20!

]2F~1!

]j2 5F2Ni
~2!1~12d!~Nd

~2!2DQ~2!2Nd
~1!DQ~1!!

1d~12b!F~2!1
d

2
F~1!2G . ~21!

Once again, substituting the expansions forNi F, and DQ
from Eq. ~10! into right-hand side of Eq.~14!, using Eqs.
~12! and~15! and finally equating termsO (e5/2), we obtain
1-2
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]DQ~2!

]j
5

n

l S s1z

z~11s1z! D @~12b!l21bs2~11s!#

~l22s!
F~1!.

~22!

Now differentiating Eq.~21! with respect toj and using Eq.
~15!, we get

]3F~1!

]j3 52
]Ni

~2!

]j
1~12d!

]Nd
~2!

]j
2~12d!

]DQ~2!

]j

1d~12b!
]F~2!

]j
1dF~1!

]F~1!

]j
. ~23!

Finally, on substituting for]DQ(2)/]j from Eq. ~22! and on
eliminating ]/]j@(12d)Nd

(2)2Ni
(2)1d(12b)F (2)# by us-

ing Eqs. ~17! through ~20!, we arrive at the following
damped KdV equation

]F~1!

]t
1aF~1!

]F~1!

]j
1b

]3F~1!

]j3 1gF~1!50, ~24!

where

a5bF ~3l22s!

~l22s!32d2
3md

2~12d!

l4 G , ~25!

g5nb
~s1z!~12d!

z~11s1z!

@~12b!l21bs2~11s!#

l~l22s!
, ~26!

b5
1

2 Fmd~12d!

l3 1
l

~l22s!2G21

. ~27!

Equation~26! shows that the dampingg disappears when we
put n50, as it should becausen50 implies the right-hand
side of Eq. ~14! 50 @dQd /dt50# i.e., there is no dus
charge variation@by Eqs. ~15! and ~22! DQ(1)5DQ(2)

50⇒fixed charge on the dust grain surface#. However, we
shall putn51 for our numerical calculations. It is also to b
noted thatg'0 for d5ne0 /ni0'1; this is expected as

FIG. 1. Variationa @Eq. ~25!# with nonthermal parametera for
dust ion acoustic~faster! wave with phase velocityl1 @Eq. ~16!#
and for s5Ti /Te51, md5531025, d5ne0/ni050.5, and z
'1.97.
03740
d'1 implies near absence of charged dust grain and co
quently no charge fluctuation. Thus, the damping of the d
ion acoustic wave is due to the dust charge variation.

Integrating Eq.~24!, using the boundary conditionsNd
(1) ,

Ni
(1)→1; Vd

(1) , Vi
(1) , F (1)→0 as uXu→`, we obtain sech2

time evolution solitary wave form approximate solution a

F~1!5Fm
~1!~t !sech2FAaFm

~1!~t !

12b
~j2Vt!G ,

Fm
~1!5F0

~1!e2gt, V5
aF0

~1!

6
e2gt, ~28!

whereFm
(1) is the soliton amplitude. It is to be noted that E

~28! represents a positive or negative well potential wa
i.e., Fm

(1)(t). or ,0, according as the coefficient of non
linear terma in the KdV equation. or , 0.

We summarize the results as follows:
~1! Ion acoustic solitary electrostatic structures involvi

ion density depletion have been observed in the ionosph
by Freja satellite@21# and motivated by this observatio

FIG. 2. Variation ofa @Eq. ~25!# with nonthermal parametera
for dust acoustic~slower! wave with phase velocityl2 @Eq. ~16!#.
The other parameters are the same as Fig. 1.

FIG. 3. Variation ofg @Eq. ~26!# with nonthermal parametera.
Solid lines for dust ion acoustic~faster! wave and dotted lines for
dust acoustic~slower! wave. The other parameters are the same
Fig. 1.
1-3
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Cairnset al. @17# studied the ion solitary wave in presence
fast electrons. Ionospheric plasma~;80 KM! is dust con-
taminated and the dust charging time satisfies 1/vpitch!1.
Hence, the relevance of the present report, which shows@Fig.
1 and Eq.~28!# that the dust ion acoustic wave (l5l1

.As) has negative potential for higher values of the el
tron distribution nonthermality parametera and so is associ
ated with ion density depletion while for low values ofa, the
density is enhanced asa,

.0⇒F (1)
,
.0⇒Ni

(1)
,
.0. On the

other hand, for dust acoustic wave (l5l2,As), Fig. 2
together with Eqs.~12! and ~28! indicates thata,0⇒F (1)

,0⇒Ni
(1).0 ~density enhancement! for all values of a

lower or higher.
~2! The solitary wave amplitudeF (1);e2gt so that the

attenuation time t;1/e3/2gvpi . Since for ionosphere
~;80 KM!, e3/2'1/vpitch'(r 0 /l i) @Eq. ~11! with n51# is
typically ;1026, the ion density depletion~or enhancement!
will persist for a sufficient period of time and travel a suf
ciently large distance;l1ci /e3/2gvpi to be observed.

FIG. 4. Variation ofg @Eq. ~26!# with s5Ti /Te for a50.1. The
value of d and md are the same as Fig. 1. Solid and dotted lin
represent the same as in Fig. 3.
S
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~3! The damping rateg(a,s,d) @Eq. ~26!# is a function of
a, s, andd. Figures 3, 4, and 5 show that variation ofg with
respect toa, s, and d, respectively, keeping the other tw
parameters unchanged. Figure 3 shows that for fixeds andd,
the damping rateg decreases / increases for waves withl
5l2 /l1 as the nonthermality parametera increases. Both
Figs. 3 and 4 show that with increase ofa or temperature
ratio s, the slower~dust acoustic! wave always suffers stron
ger damping than the faster~dust ion acoustic! wave. Figure
5 shows that with increase ofd, g decreases sharply for dus
ion acoustic~faster! wave andg'0 for d5ne0 /ni0→1. This
is to be expected as the latter implies decrease in dust de
and hence decrease in dust charge fluctuation induced da
ing. Similar result though less pronounced also holds
slower wave.

One of the authors~S.G.! would like to thank the Depart-
ment of Science and Technology~DST!, Government of In-
dia ~Sanction No. SP/12/PC-07/2000! for financial support
during this work.

s
FIG. 5. Variation of g @Eq. ~26!# with d5ne0/ni0 for s

5Ti /Te51. The value ofa andmd are the same as in Fig. 4. Soli
and dotted lines represents same as in Fig. 3.
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